
Theory of equations 

 

1. (a) Let  p(x) =  ,  then  p'(x) = 4x1x8x4x 234 −−+ 3 + 12x2 – 16x = 4x(x + 4)(x – 1) 

  ∴ x = –4, 0, 1  are roots of the equation  p'(x) = 0 

x –∞ –4 0 1 +∞ 

p(x) +∞ –9 –1 –4 +∞ 

  ∴ There is one real root with  x < –4  and another with  x > 1.   

   There is no real root with  –4 < x < 1 . 

  Since  p(–5) < 0  , p(–6) > 0   and   p(1) < 0  and  p(2) > 0 . 

  There are two real roots   α ,β  for  p(x) = 0  with    –6 < α < –5   and  1 < β < 2 . 

 

 (b) Let  p(x) = , then  p'(x) = 40x50x40x5x8 345 −−− 4 – 20x3 – 120x2 = 20x2(2x + 3)(x – 2) 

  ∴ x = –3/2, 0, 2  are roots of the equation  p'(x) = 0 

   

x –∞ –3/2 0 2 +∞ 

p(x) –∞ – – – +∞ 

  ∴ There is one real root with  x > 2.   

  Since  p(3) < 0  , p(4) > 0  ,there is one real root   α   for  p(x) = 0  with   3< α < 4 . 

 

2. (a) Let  p(x) =  . 1x3x2x 24 −++

  The number of sign change for  p(x)  is  1 . 

  By the Decartes' rule of sign, there is at most one positive root. 

  p(–x) =  . 1x3x2x 24 −−+

  The number of sign change for  p(–x)  is  1 . 

  By the Decartes' rule of sign, there is at most one negative root. 

  There are at most two real roots. 

  Since deg[p(x)] = 4, there is at least  2  complex roots. 

  p(–2) < 0 ,  p(–1) < 0  and  p(0) < 0 ,  p(1) > 0 . 

  ∴ There are  2  complex roots and  2  real roots   α ,β  for  p(x) = 0  with     

   –2 < α < –1   and  0< β < 1 . 

 

 (b) Let  p(x) =  ,  then  p'(x) = 10xx2x 35 −+− ( )( )1x1x51x6x5 2224 −−=+−  

  ∴ x = 1,
5

1,
5

1,1 −−   are roots of the equation  p'(x) = 0 

x –∞ –1 
5

1
−  

5
1  

1 +∞ 

p(x) –∞ – – – – +∞ 

  ∴ There is one real root with  x > 1.   

  Since  p(1) < 0  , p(2) > 0  ,there is one real root   α   for  p(x) = 0  with   1< α < 2 . 
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3. α, β, γ  are the roots of the equation  x3 – px + q = 0   …. (1) 

 α + β + γ = 0 …. (2)  αβ + βγ + γα = – p …. (3)  αβγ = – q …. (4) 

 Now,  (α – β)2 = α2 + β2 – 2αβ = ( ) ( )
γ
αβγ

−γ−γα+βγ+αβ−γ+β+α=
γ
αβγ

−γ−γ+β+α
222 222222  

    ( ) ( )
γ

+γ−=
γ
−

−γ−−−=
q2p2q2p20 222   , by (1) - (4) . 

 ∴ (α – β)2 , (β – γ)2 , (γ – α)2  are roots of a new equation formed by putting: 

 ( )
py

q3xq3pxxyq3pxxyqpxxq2xpx2xy
x
q2xp2y 332

−
=⇔=−⇔=−++−⇔+−=⇔+−= …. (5) 

 Substitute  (5) in (1),  0q
py

q3p
py

q3
3

=+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

  ( ) 0p4q27yp9py6y 32223 =−++−⇔   ….(6) 

 The product of roots of  (6)  D = (α – β)2 (β – γ)2 (γ – α)2 = –(27q2 – 4p3) =  4p3 – 27q2   …. (7) 

 Since  (1) is of degree  3 , the condition of roots are shown below: 

 (i) 3  real and distinct roots  ⇔  D > 0 . 

 (ii) 1  real double root and one other real root  or 1 triple root  ⇔  D = 0 . 

 (iii) 2  complex roots and  1  real roots  ⇔  D < 0 .  

   (w.l.o.g. let  α = a + bi,  β = a – bi ,  γ = c  and substitute in  (7) ) 

 ∴ The roots of  (1)  should be real  ⇔  D ≥ 0  ⇔  4p3 – 27q2 ≥ 0 . 

 

4. x2 – 3x + 4 = λ(1 + 2x)  ⇔  ( ) ( ) 04x23x 2 =λ−+λ+−  

 This quadratic equation has real roots   ⇔  ( ) ( ) 04423 2 ≥λ−−λ+=Δ  

   0164 2 ≥λ+λ⇔

2
214 +

=λ2
214 −

=λ

3=λ  

⎟
⎠
⎞

⎜
⎝
⎛− 0,

2
1

±∞=λ  ⇔  
2

214or
2

214 +
≥λ

−
≤λ   

 x2 – 3x + 4 = λ(1 + 2x)   

 ⇔   ( )⎩
⎨
⎧

+λ=
+−=

)2....(x21y
)1....(4x3xy 2

 (2) is a pencil of straight lines passing through  

 the point  ⎟
⎠
⎞

⎜
⎝
⎛− 0,

2
1 . 

 (1) and (2)  cut each other only when  

 
2

214or
2

214 +
≥λ

−
≤λ    

 as shown in the graph. 

 When  λ = 3,  (2) becomes  y = 3 + 6x . 

 When  
2

779x
2

779 +
<<

−   (0.11 < x < 8.89), 3 + 6x  greater than  (x2 – 3x + 4) . 

5. Let  y = (x – 1)2 ( x – a) + t   (a > 1) 

 y' = (x – 1) (3x – 2a – 1)  ,  y" = 2(3x – a – 2) 
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 For critical values,  y' = 0 .       ∴  x = 1  or  x = 
3

1a2 +  . 

 ( ) 0a12
1x

"y <−=
=

 since  a > 1.    ∴  y  is a max. when  x = 1,   ymax = t. 

 ( ) 01a2
3

1a2x"y >−=+
=

 since  a > 1.   ∴  y  is a min. when  x = 
3

1a2 + ,  ( ) t
27

1a4y
3

min +
−

−=  

t = 0 

t = ( )
27

1a4 3−  

1 a 

 As  x → -∞,  y → -∞   and   as  x → +∞,  y → +∞ . 

 The equation  y = 0  has three real roots   ⇔ ymax > 0  ∧  ymin < 0 

  ⇔ t > 0  ∧ ( ) 0t
27

1a4 3

<+
−

−  ⇔ ( )
27

1a4t0
3−

<<  

 y = (x – 1)2 ( x – a) + t  ⇔  y = x3 – (2 + a)x2 + (1 – 2a) x + (a + t) 

 ∴   α + β + γ = 2 + a 

  αβ + βγ + γα = 1 – 2a    

αβγ = a + t 

 ∴   βγ + γα + αβ - 2(α + β + γ) + 3  

  = 1 – 2a – 2 (2 + a) + 3 = 0  

 

6. Let  x = 
q
p   be a rational root of  ax2 + bx + c = 0 ,  where  p, q ∈ Z ,  H.C.F (p,q) = 1,  p , q ≠ 0 . 

 By the rational zero theorem,  p|c  and  q|a . 

 Since  a, c  are odd  and  p , q ≠ 0 ,  p, q  are odd . 

 However   ax2 + bx + c = 0 ⇒ 0c
q
pb

q
pa

2

=+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
  ⇒ ap2 + bpq + cq2 = 0  (q ≠ 0) 

 There is a contradiction since  ap2 , bpq, cq2  are all odd so their sum is also odd, 

and must not be equal to  0 . 

 

7. (a) P  ( ) n1n
1n

1
n

0 axa...xaxax ++++≡ −
−

  P(p) – P(q) = ( ) ( ) ( )qpa...qpaqpa 1n
1n1n

1
nn

0 −++−+− −
−−  

  ( ) ( ) ( )[ ]1n
2n3n2n

1
1n2n1n

0 a...q...qppaq...qppaqp −
−−−−−− +++++++++−=  

  Since  a0 , a1 , …, an , p, q  are integers, the second factor in the above expression is an integer. 

  The first factor  (p – q)  is an even integer if  p, q  are both even integers (or both odd integers). 

  ∴ P(p) – P(q)   is even . 

 

 (b) Suppose, on contrary,  x = q  is an integral root of  P(x) = 0.  Then  P(q) = 0 . 

  (i) If  q  is odd, then  P(1) – P(q)  is even by  (a) . 

   But  P(1) – P(q) = P(1) – 0 = P(1),  which is odd by given. 

  (ii) If  q  is even, then  P(0) – P(q)  is even by  (a) . 

   But  P(0) – P(q) = P(0) – 0 = P(1),  which is odd by given. 

  In both cases, there is a contradiction. 
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8. If  α   is the root of the equation    ax2 + bx + c = 0, then  aα2 + bα + c = 0  and  aα2 = –bα – c ….(1) 

 Aα2 + Bα + C  is rational  ⇔  a(Aα2 + Bα + C) = A(–bα – c) + Baα + Ca  , by (1) 

       = (–Ab + Ba) α –Ac + Ca  is rational 

 ⇔  –Ab + Ba = 0,  since  α  is irrational and all other constants are rational .  

⇔  Ab = Ba       …. (2) 

From (1),   aα3 = –bα2 – cα   …. (3) 

Aα3 + Bα2 +Cα  is rational  ⇔  Aaα3 + Baα2 +Caα = A(–bα2 – cα) + Baα2 +Caα  , by (2) 

       = (Ba – Ab) α2 + (Ca – Ac) α = (Ca – Ac) α   is rational , by (3) 

⇔  Ca – Ac = 0 , since  α  is irrational and all other constants are rational . 

⇔  Ac = Ca 

Let  p(x) =  .  Then by Division Algorithm, n1n
1n

1
n

0 axa...xaxa ++++ −
−

p(x) = (ax2 + bx + c) q(x) + mx + n,  where  m, n  are rational constants. 

Now,  p(x)   is rational  ⇔  (aα2 + bα + c) q(α) + mα + n  is rational . 

 ⇔  mα + n  is rational  , given that  aα2 + bα + c = 0 

 ⇔  m = 0,  since  α  is irrational 

 ⇔  p(x) = (ax2 + bx + c) q(x) + n , that is, the remainder is independent of  x . 

 

9. Let  y = p(x) = x3 – px + q then p’(x) = 3x2 – p, p”(x) = 6x 

 Since  ,  p(x) = 0  has at least one real root . −∞=+∞=
−∞→+∞→

)x(plim,)x(plim
xx

 For stationary points,  p’(x) = 0,  3x2 – p = 0  ⇒  
3
px ±=   …. (1) 

 From (1),   There are two turning points if  p > 0. 

Since  0
3
p"p >⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+   ,  y  is a min when 

3
px += .     ,

3
p

3
p2qymin −=  

Since  0
3
p"p >⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−   ,  y  is a max when 

3
px −=   ,

3
p

3
p2qymax +=  

∴ p(x) = 0  has  3  real roots (or 1 double real root and 1 real root)  ⇔  ymin ≤ 0  and  ymax ≥ 0 

 ⇔ 0
3
p

3
p2q

3
p

3
p2q0

3
p

3
p2qand0

3
p

3
p2q ≤⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
−⇔≥+≤−  

   ⇔  23 q27p4 ≥

 y has only one real root ⇔  [ymin > 0  and  ymax > 0]  or  [ymin < 0  and  ymax < 0]   

 ⇔ 0
3
p

3
p2q

3
p

3
p2q >⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
−  ⇔  4p3 < 27q2 . 

(a) x3 – 2x + 7 = 0,  Since  4p3 = 4(2)3 = 32 ,  27q2 = 27(7)2 = 1323,  ∴4p3 < 27q2. 

 The equation has only one real root. 
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(b) 3x3 + 4x – 2 = 0,  Since  4p3 = 4(-4/3)3 = -256/27 ,  27q2 = 27(-2/3)2 = 12,  ∴4p3 < 27q2. 

  The equation has only one real root. 

 (c) 4x3 – 7x + 3 = 0 .  Since  4p3 = 4(7/4)3 = 343/16 ,  27q2 = 27(3/4)2 = 243/16,  ∴4p3 > 27q2. 

  The equation has 3 real roots . 

10. (a) x3 + Px2 + Qx + R = 0      …. (1) 

  Put  x = X + k  , where  k  is a constant . 

  (X + k) 3 + P(X + k)2 + Q(X + k) + R = 0  …. (2) 

  In (2) , the coeff. of  x2-term  is  (3k + P).   

  By putting  3k + P = 0  or  k = 
3
P

−  , then the transformation  x = X
3
P

−   can transform  (1)   

  into  (2)  where  x2-term  disappears. 

 (b) x3 – 15x = 126   …. (3)   x = y + z  …. (4) 

  (4) ↓ (3), (y + z) 3 – 15(y + z) = 126 ⇔ y3 + z3 + 3y2z + 3yz3 – 15(y + z) = 126 

     ⇔ y3 + z3 + (3yz – 15) (y + z) = 126 ⇔ y3 + z3 + (3yz – 15)x = 126 …. (5) 

  If further we choose  3yz – 15 = 0 ,  or  yz = 5        …. (6) 

  (5)  becomes :  y3 + z3 = 126          …. (7) 

  From  (6),  (y3 ) (z3 ) = 125           …. (8) 

  From (7) and (8),  y3  and  z3  are roots of a quadratic equation  t2 – 126 t + 125 = 0 …. (9) 

  If  y3  and  z3  are both real and  y0 , z0  are their real roots, possible values for  y , z  are  y0, 

  ωy0, ω2y0  and  z0, ωz0, ω2z0 . 

By (6) , the product  yz  must be real.  Therefore the only combinations consistent with this give, as 

the three roots of the cubic, by (4) :  y0 + z0 ,  ωy0 + ω2z0 ,  ω2y0 + ωz0 . 

Similarly for the eq.  x3 – 15x = 126 . 

 From (9) ,  t = 1  or  125.   Take  y0
3 = 1,   z0

3 = 125,  we have  y0 = 1,   z0 = 5 . 

 Then the solutions are   1 + 5,  ω + 5ω2 ,  ω2 + 5ω . 

11. (a) x2 + px + q = 0  ⇒  α + β = –p  , αβ  =  q  …. (1) 

(α3 – β)(β3 – α) = α3β3 +αβ – (α4 + β4) = (αβ)3 +αβ – [(α + β)4 – 4αβ(α2 + β2) – 6α2β2] 

= (αβ)3 +αβ – {(α + β)4 – 4αβ[(α + β)2 – 2αβ] – 6(αβ)2} = q3 + q –{(–p)4 – 4q[(–p)2 – 2q] – 6q2} , by (1) 

= q3 + 2q2 + q – (p4 – 4p2 q + 4q2) = q(q + 1)2 – (p2 – 2q)2  …. (2) 

One of the roots of the equation  x2 + px + q = 0  is equal to the cube of the other  

⇔  α3 = β   or   β3 = α  ⇔ (α3 – β)(β3 – α) = 0 ⇔ q(q + 1)2 – (p2 – 2q)2 = 0 , by (2) 

⇔  (p2 – 2q)2 = q(q + 1)2  . 

 

 (b) x2 + px + q = 0 ⇒  α + β = –p  , αβ  =  q  …. (1) 

  (tα + β) + (tβ + α) = (1 + t) (α + β) = (1 + t) (–p) = –p(1 + t) 

  (tα + β) (tβ + α) = t(α2 + β2) + αβ +  t2αβ = t[(α + β)2 – 2αβ] + αβ + t2αβ = t[(–p)2 – 2q] + q + t2 q 

     = t2 q + t(p2 – 2q) + q  

  Hence the new equation is   x2 + p(1 + t) x + t2 q + t(p2 – 2q) + q = 0 

  If  p2 – 4q < 0 , p ≠ 0 , then  (1) has two complex conjugate roots  α  and  β . 

  Since  p, q  are real,  and  α  and  β are complex conjugates , 
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  (1) If  t ≠ 1  and is real,  (tα + β) ,  (tβ + α)  are complex numbers. 

  (2) If  t = 1 , (tα + β) ,  (tβ + α)  are equal to  –p . 

  Since  p ≠ 0 , therefore  (tα + β) ,  (tβ + α)  are different from zero.  

 

12. (a) p2  and  q  are the roots of  x2 + bx + q = 0    …. (1) 

  ∴ p4 + p2 b + q = 0  …. (2) , q2 + bq + q = 0  …. (3) 

  Case (1),  If  q ≠ 0 , then from (3) , q + b + 1 = 0  ⇒  q = –(b + 1)  …. (4) 

    (4) ↓ (2), p4 + p2 b + –(b + 1) = 0   ⇒  (p2 + b + 1) (p2 – 1) = 0 

    ∴ p2 =  –(b + 1)  or  p2 = 1 

    ∴ ( ) 1por1bp ±=+−±=  . 

  Case (2), If  q = 0,  then  (2) becomes  p4 + p2b = 0  ⇒  p2 (p2 + b) = 0 

    ∴ p = 0  or  b−±  
 

 (b) The equation  x2 + bx + c = 0  ⇒  α + β = –b  , αβ  =  c  …. (1) 

  ( )( )
( )
( ) ( ) 22

2

22

2

22

22

22 cc2b1
2c2b

21
22

11
2

1
1

1
1

+−+
+−

=
αβ+αβ−β+α+

+αβ−β+α
=

β+α+
+β+α

=
β+

+
α+

 

  2222 cc2b1
1

1
1

1
1

+−+
=

β+α+
 

  ∴ The new equation is   ( ) ( ) 01xb2c2xcc2b1 2222 =+−−++−+  . 

  If  b = 1  and  c = –1 , then the given equation is  x2 + x – 1 = 0 , with roots  
2

51x ±−
=  

  The new equation is  5x2 – 5x + 1 = 0,  with roots  
10

55x ±
=  . 

 

13. Let  r,,
r

αα
α   be the roots of   x3 + 3x2 + bx + c = 0      …. (1) 

 Then  3r1
r
1

−=⎟
⎠
⎞

⎜
⎝
⎛ ++α  …. (2) , br1

r
12 =⎟

⎠
⎞

⎜
⎝
⎛ ++α  …. (3) ,  …. (4)  c3 −=α

 (3)/(2), 
3
b

−=α   …. (5) , (5)↓(4), 
27
bc

2

=  …. (6) 

 (6)↓(1), 0
27
bbxx3x

2
23 =+++ .  From (5)  and division, 0

9
bx

3
b3x

3
bx

2
2 =⎥

⎦

⎤
⎢
⎣

⎡
+⎟

⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ +  

 ∴ 
2

9
b4

3
b3

3
b3

xor
3
bx

22

−⎟
⎠
⎞

⎜
⎝
⎛ −±⎟

⎠
⎞

⎜
⎝
⎛ −−

=−=    …. (7) 

 In (7),  
3

bb627
9
b4

9
bb29

9
b4

3
b3

22222
−−

=−+−=−⎟
⎠
⎞

⎜
⎝
⎛ −=Δ   …. (8) 

 From (5), Since  α  is an integer and  α ≠ 0 ,  b  must be a non-zero integer divisible by  3 …. (9) 

 In  (8), Since the roots are integers,  Δ > 0  
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   ⇒ b2 + 6b – 27 = (b + 9)(b – 3) < 0 ⇒ –9 < b < 3   …. (10) 

 The only  b  satisfying  (9)  and  (10)  is that  b = –6  and  Δ = 9 . 

 From (7),  x = 2, –1, –4. 

 

14. x4 + a3 x3 + a2x2 + a1x + a0 = 0          …. (1) 

 z  is a root of  (1), z4 + a3 z3 + a2z2 + a1z + a0 = 0      …. (2) 

 1/z  is a root of  (1),   (1/z)4 + a3 (1/z)3 + a2(1/z)2 + a1(1/z) + a0 = 0  

 ⇒ a0z4 + a1z3 + a2z2 + a3z + 1 = 0 ⇒ 0
a
1z

a
a

z
a
az

a
az

00

32

0

23

0

14 =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+  …. (3) 

 Since  z  and  1/z  are roots, (2) and (3) are identical. 

 By comparing coefficients of constant terms of (2) and (3),  1a1a
a
1a 0

2
0

0
0 ±=⇒=⇒=  

 Case (1),  When  a0 = 1,  a1 = a3  (by comparing coeffs of x2-terms) 

 Case (2),  When  a0 = –1,  a1 = –a3 ,  a2 = 0 (by comparing coeffs of x3-terms  and x2-terms) 

 ∴  The necessary and sufficient conditions are : [(a0 = 1,  a1 = a3)  or  (a0 = –1,  a1 = –a3 ,  a2 = 0)] 

 Put  p(x) = x4 + a3 x3 + a2x2 + a1x + a0  

 For Case (2), p(1) = 1 + a3 + a2 + a1 + a0 = 0 ,   p(–1) = 1 – a3 + a2 – a1 + a0 = 0 . 

 ∴ (x – 1)(x + 1)  is a factor of  p(x)  by Factor Theorem. 

 Division of  p(x)  by  (x – 1)(x + 1)  gives a quadratic factor and the problem reduces to solving quadratic 

 equation. 

 For Case (1), equation  (1)  reduces to  x4 + a1 x3 + a2x2 + a1x + 1 = 0  

  ⇒ 0a
x
1xa

x
1x0

x
1

x
aaxax 212

2
2

1
21

2 =+⎟
⎠
⎞

⎜
⎝
⎛ ++⎟

⎠
⎞

⎜
⎝
⎛ +⇒=++++    …. (4) 

 Put  
x
1xy +=              …. (5) 

 Then  2y2
x
1x

x
1x 2

2

2
2 −=−⎟

⎠
⎞

⎜
⎝
⎛ +=+  

 (4)  becomes   y2 – 2 + a1y + a2 = 0  or  y2 – 2 + a1y + ( a2 – 2) = 0   …. (6) 

 (6)  is a quadratic  and  let  y1  and  y2  be the roots.  From (5), we have: 

 x2 – y1x + 1 = 0  and  x2 – y2x + 1 = 0         …. (7) 

 which are quadratic equations in  x  and  (7)  gives the roots of  (1) . 

 

15.   x4 – s1x3 + s2x2 – s3x + s4 = 0          …. (1) 

 Writing  Σ  as symmetric sum, then 

 Σα = s1    …. (2) , Σαβ = s2  …. (3) ,  Σαβγ = s3  …. (4) ,  αβγδ = s4  …. (5) 

 Σ(αβ + γδ) = Σαβ = s2
         …. (6) 

 Σ(αβ + γδ)(αγ +βδ) = Σα2βγ = (Σα)(Σαβγ) – 4αβγδ = s1 s3 – 4 s4  …. (7) 

 (αβ + γδ)(αγ +βδ)(αδ +βγ)  = Σα3βγδ +Σα2β2γ2 = (αβγδ)Σα2 + [(Σαβγ)2 – 2Σα2β2γδ]   

 = (αβγδ)[(Σα)2 – 2 Σαβ] +[(Σαβγ)2 – 2αβγδ Σαβ] = s4 [s1
2 – 2s2] + [s3

2 – 2s4 s2] = –(4s2 s4 –s1
2 s4 –s3

2)….(8) 

 From (6), (7), (8),  the required cubic equation is   
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  y3 –s2y2 + (s1 s3 – 4 s4)y + (4s2 s4 –s1
2 s4 – s3

2) = 0   …. (9) 

 Supposing that methods of solving cubic equation are known, 

(9) is solved and let the roots be  y1, y2 and y3 .  Then: 

αβ + γδ = y1 …. (10) , αγ +βδ = y2  …. (11)  ,  αδ +βγ = y3  …. (12) 

From (5),  (αβ)(γδ) = s4  …. (13) 

From (10) and (13),   αβ  and  γδ  are roots of the quadratic equation :  z2 – y1z + s4 = 0 …. (14) 

Suppose (14) is solved, let the roots be   z1 = αβ  , z2 = γδ  …. (15) 

From (3),  γδ(α + β) + αβ(γ + δ) = s3  ⇔  z2 (α + β) + z1 (γ + δ) = s3   …. (16) 

From (2),  (α + β) + (γ + δ) = s1       …. (17) 

(17) and (18) are simultaneous equation with unknowns (α + β) , (γ + δ) . 

 

Let the equations be solved and   k1 = α + β ,  k2 = γ + δ   …. (18) 

(15) , (16)  form two quadratic equations for which  α, β, γ, δ  can be found. 

 

Note that if  (11) or (12) is used instead of (10) , the solution is the same due to the arbitrary use of the 

notation    α, β, γ, δ  for the four roots of  (1). 

 

16. (a) We use induction on  k  that  xk + x-k  can be expressed as a polynomial  pk(z)  in z = x + x-1 . 

  The proposition is obviously true for  k = 1  where  p1(z) = z. 

  For  k = 2,   x2 + x-2 = (x + x-1)2 – 1 = z2 – 2   and the proposition is true for  k = 2. 

  Assume the proposition is true for  k ≤ n  where  n ∈  . 

  For  k = n + 1,  x(n+1) + x-(n+1) = (xn + x-n )( x + x-1 ) – [x(n-1) + x-(n-1)]  

= pn(z) p1(z) – pn-1(z)  , by inductive hypothesis. 

  Putting    pn+1(z) = pn(z) p1(z) – pn-1(z) , then the proposition is also true for  k = n + 1. 

  By the Principle of Mathematical Induction, the proposition is true  ∀k∈  . 

 

 (b)         .... (1) 01axbxcxbxaxx 23456 =++++++

  (x3 + x-3) +a(x2 + x-2) + b( x + x-1) + c = 0       .... (2) 

  Putting  z = x + x-1 , then  (1)  becomes   (z3 – 3z) + a+ bz + c = 0 . 

  or   z3 = az2 + (b – 3)z + (c – 2a) = 0        …. (3) 

   ∴ If  α  is a root of the polynomial equation (1), then    is a root of  (2) . 1−α+α

 

 (c)   ⇔  (x01x4x5x4x 234 =++++ 2 + x-2) + 4( x + x-1) + 5 = 0   …. (4) 
   Putting  z = x + x-1 , then  (4)  becomes   (z2 – 2) + 4z + 5 = 0 

   or z2 + 4z + 3 = 0   ⇔  (z + 3)(z +1) = 0 

   z = x + x-1 = -3    or    z = x + x-1 = -1 

   x2 + 3x + 1 = 0  or  x2 + x + 1 = 0 

   
2

53x ±−
=    or  

2
i31x ±−

=  
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17. x3 + 3qx + r = 0   (r ≠ 0) …. (1) 

 α + β + γ = 0 …. (2)  αβ + βγ + γα = 3q …. (3)  αβγ = – r  …. (4) 

 Put  ( ) ( ) ( )223322 1xxq271xxrxp ++++=  

 Then  ( )
2

2

2

2
3

3

2

2
2

22

2
3

3

2

2
2 q271r1q271rp

β
β+α

β
α

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
β

+α+α
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+

β
α

β
α

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

β
α

+
β
α

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
β
α  

   ( ) ( ) ( ) ( )
( ) 4

22
3

3

2
22

4

2
3

3

2

33
2 q27rq3rq3rq27r

β
γα

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
β−αβ

+β−++α−
=γ−

β
α

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
β−αβ
β−α

=  

   ( ) ( ) 0rq27rq27q27q3r 6

2
3

6

23

6

2
3

3

2
2 =

β
−

+
β

−=
β

αβγ
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
β
−

=  

 ∴ 
β
α  satisfies   ( ) ( ) ( )223322 1xxq271xxrxp ++++=  = 0       …. (5) 

 (a) When  q = 0 ,  (1)  becomes   x3 + r = 0        …. (6) 

  The roots of  (6)  are   2333 r,r,r ω−ω−−  , where  ω is the complex cube roots of unity. 

  Take  α  be any one of these three roots and  β  be any other root not equal to  α . 

  Then  α = ωβ or α = ω2β         …. (7) 

  When  q = 0 ,  (5)  becomes x2 + x + 1 = 0 (r ≠ 0)  and the roots are  ω, ω2 . 

  ∴ 2or ω=
β
α

ω=
β
α           …. (8) 

  It can be seen that  (7) and (8)  are the same. 

 

 (b) If   , then  r0rq4 23 =+ 2 = -4q3         …. (9) 

  (9) ↓ (5),  ( ) ( ) ( )223323 1xxq271xxq4xp ++++−=  = 0    …. (10) 

  If  q = 0, then  by  (9) , r = 0 , contradicting to  r ≠ 0 . 

  ∴ q ≠ 0  and  (10)  becomes ( ) ( ) 01xx271xx4 2232 =++++−   

  ⇔ 4x6 +12x5 – 3x4 – 26x3 – 3x2 + 12x + 4 = 0 ⇔ (x – 1)2 (x + 2)2 (2x + 1)2 = 0 

  Since  
β
α  satisfies  (10),  

β
α  = 1  or  -2  or  

2
1

−  . 

  (i) If  
β
α =1,  then  α = β . 

  (ii) If  
β
α = -2,  then  α = -2β .  From (1),  -2β + β + γ = 0 ,   β = γ . 

  (iii) If  
β
α =

2
1

− , then   β= -2α . From (1),  α -2α + γ = 0 ,   α = γ . 

  In any one of the above cases, there is a double root for  (1). 
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18. (a) A.M. – G.M.  :  Let  xi (i = 1, 2, …., n)  be  n  distinct positive numbers, then  i
i x

n
x

Π>∑  . 

 (b)    has  n  distinct positive roots α( ) 0axa...xaxaxxf n1n
2n

2
1n

1
n =+++++≡ −

−−
i  (i = 1, 2, …., n) 

   Then  ∑  …. (1) ,   …. (2)   , …., −=α 11 a ∑ =αα 221 a

( )∑ −
−

− −=ααα 1n a1... 1n1n21 nn1n21

n1n21n −

1n211n

 …. (n-1)  , …. (n) ( )n a1... −=αααα −

   Writing    , then      …. (i) ( ) i
i

i
i b

i
n

1a ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−= ( ) ( ) n

n
nn

n
n

n b1b
n
n

1a −=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=

           …. (ii) ( ) ( ) 1n
1n

1n1n
1n

1n
1n nb1b

1n
n

1a −
−

−−
−

−
− −=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

−=

   From (i) and (n),           …. (iii) n ...b αααα=

   From (ii) and (n-1),       …. (iv) ∑ −
−

− ααα=1n ...nb

   From (iii),  ( ) ( ) ( ) 1n
1

n
`1

1n21

n
1

1n
`1

1n21
n/1

n1n21n .........b
−

−−−− ⎥⎦
⎤

⎢⎣
⎡ αααΠ=⎥⎦

⎤
⎢⎣
⎡ αααΠ=αααα=  

      [ ] 1n
1n

1
1n

1n

1n
1

1n21 bb
n

...
−

−−
−

−
− =<⎥⎦
⎤

⎢⎣
⎡ ααα

< ∑      …. (v) 

   ( ) ⎥⎦
⎤

⎢⎣
⎡ +++

−
+=+++−+≡ −−

−−
−−

−−
1n2n

2n1n
1n2n

2n1n a
n
1xa

n
2...x)

n
1n(xnaxa2...x)1n(nxx'f  

   Consider  f '(x) = 0. 

 Since  f(x) = 0  has  n  distinct positive real roots and between any two roots of  f(x) = 0 , there is at 

least one real root of  f'(x) = 0, where  deg f'(x) = n – 1 . 

 ∴ f '(x) = 0  has  (n – 1) distinct positive real roots,  each lying between two roots of   f(x) = 0 . 

   Let  β1, β2 , …., βn-1  be the (n – 1) distinct positive real roots of  f '(x) = 0 

   ( ) ( ) ( ) ( ) 2n
2n

2n
2n

2n2n
2n

2n
2n21 b

2
1nn

n
2b

2n
n

1
n
21a

n
21... −

−
−

−
−−

−
−

−
−

=⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−−=−=βββ∑   

                 …. (vi) 

( ) 2n
2nb1n −

−−=

   ( ) ( ) ( )[ ] 1n
1n

1n
1n

1n1n1n1n
1n21 bnb1

n
11

n
a

1... −
−

−
−

−−−−
− =−−=−=βββ      …. (vii) 

   ( ) ( ) ( ) 2n
1

1n
1

2n21

1n
1

2n
1

2n211n
1

1n211n .........b
−

−−

−
−−−−− ⎥⎦

⎤
⎢⎣
⎡ βββΠ=⎥⎦

⎤
⎢⎣
⎡ βββΠ=βββ=  

   ( )
2n

2n
1

2n
2n

2n
1

2n21 b
1n

b1n
1n
...

−

−−
−

−
− =

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

−
−

=⎥⎦
⎤

⎢⎣
⎡

−
βββ

< ∑        …. (viii) 

Similarly, by considering  f"(x), f'''(x), …, f(n-2)(x),  we get correspondingly, 
bn-2 > bn-3,  bn-3 > bn-4 ,  … ,  b2 > b1 , 

Combining all these inequalities, we have   . n1n21 bb...bb >>>> −
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