Theory of equations

(@) Let p(x)= x*+4x>—8x2-1, then p'(x)=4x>+12x°—16x = 4x(x + 4)(X - 1)
x=-4,0,1 areroots of the equation p'(x) =0
X —00 -4 0 1 +00
p(x) +o0 -9 -1 -4 +00
There is one real root with  x <-4 and another with x> 1.
There is no real root with -4 <x<1.
Since p(-5)<0 ,p(-6)>0 and p(l)<0 and p(2)>0.
There are two real roots o, for p(x) =0 with —-6<a<-5 and 1l<p<2.

Let p(x) =8x° —5x* —40x® 50, then p'(x) = 40x* — 20x% — 120x? = 20x3(2x + 3)(X - 2)
x=-3/2,0,2 are roots of the equation p'(x) =0

(b)

X —00 -3/2 0 2 +00
pO) <0 - - - +oo
There is one real root with x> 2.
Since p(3)<0 ,p@)>0 ., thereisonerealroot o for p(x)=0 with 3<a<4.
(@) Let p(x)=x"+2x>+3x-1 .
The number of sign change for p(x) is 1.
By the Decartes' rule of sign, there is at most one positive root.
p(=x) = x*+2x* -3x-1 .
The number of sign change for p(-x) is 1.
By the Decartes' rule of sign, there is at most one negative root.
There are at most two real roots.
Since deg[p(X)] = 4, there is at least 2 complex roots.
p(-2)<0, p(-1)<0 and p(0)<0, p(1)>0.
Thereare 2 complexrootsand 2 realroots o, for p(x)=0 with

(b)

X = —1,—%,%,1 are roots of the equation p'(x) =0
X —o0 -1 1 1 1 +00
5| B
p(X) —0 - - - - +0
There is one real root with x> 1.
Since p(1)<0 ,p(2)>0 thereisonerealroot o for p(X)=0 with 1l<a<2.

2<a<-1

and O<p<1l.

Let p(x)=x*-2x>+x-10 , then p'(X)= 5x*-6x*>+1= (5x2 —1sz —1)




a, B,y are the roots of the equation x*—px+q=0 N (D)
at+tpf+y=0 ... @ o +Py+ya=-p N )|

Now, (a—B)2:a2+B2—20LB: a’ +B2+y>—y? —M=(Q+B+y)2 —2((1B+By+yoc)—y2 -
Y

2, 2q

02— 2(-p)—y? S50 gp_ 222 -
Y Y

(a-P)*, (B-7)°, (y—a)® areroots of a new equation formed by putting:

2q

y=2p-x’+—<xy=2px-x*+2q @(xs—px+q)+xy—px=3q SXY-pXx=30 & X =
X

39
y-p

Substitute  (5) in (1), ( 3 J —p(
y—p

afy=-q ....

(4)

J+q =0 <y’ -6py’ +9p2y+(27q2 —4p3):0

The product of roots of  (6) D = (a.—B)* (B—7v)° (v - 0)° = —(279° - 4p°) = 4p° - 27¢°

Since (1) is of degree 3, the condition of roots are shown below:
(i) 3 realanddistinctroots < D>0.
(i) 1 real double root and one other real root or 1 tripleroot < D=0.

(ili) 2 complexrootsand 1 realroots < D<O0.

(w.l.o.g.let a=a+bi, p=a-bi, y=c andsubstitutein (7))

Therootsof (1) shouldbereal < D>0 < 4p°-27¢°>0.

X =3x+4=0(1+2x) & x2-(3+2A)x+(4-1)=0
This quadratic equation has real roots < A =(3+21) —4(4-1)>0

<42 +160>0

20y

.. (5)

...(6)

. (7

I
I
4-421 44421 -
A< > or Az ) N
]
X2 = 3x +4=A(1 +2X) -y
I
{y:x2—3x+4 (D) :
j— ?D—
y=Aa1+2x) ..(2) :
(2) isapencil of straight lines passing through ;ﬂ
- 4-21 :
the point (—1,0). 2 [
2 I
(1) and (2) cut each other only when I
k£4_£/z or k24+;/ﬁ {_’1:0\
>

as shown in the graph.
When A =3, (2)becomes y=3+6X.

When g_g/ﬁ<x<9+;/ﬁ (0.11<x<889), 3+6x greaterthan (x*—3x+4).
Let y=(x-1°(x-a)+t (a>1)

y'=(x-1)(38x-2a-1) , y"=2(3x-a-2)

w



2a+1

For critical values, y'=0. s x=1 or x=
yl . =2(-a)<0 since a>1. sy isamax.when x=1, Ympx=t
3
v 2a+1=2(a-1)>0 since a>1. .. y isamin.when x= 2a+1, y :_4(a—1) +1
X = 3 3 min 27

As X—>-o, Yy—>-0o and as X-—+ow, Yy-—>+owo,

The equation y=0 hasthreerealroots < VYmx>0 A Ymin<O0

3 3
< t>0 A —M+t<0 = O<t<M
27 27

y=(x-172(x-a)+t < y=x-(@+ax’+(1-2a)x+ @+t

at+tB+ty=2+a

af +PBy+ya=1-2a
affy=a+t

By +va+af-2(a+B+y)+3
=1-2a-2(2+a)+3=0

Let x:% be a rational root of ax’+bx+c=0, where p,qeZ, HCF(pqg=1 p,q=0.

By the rational zero theorem, pjc and qfa.
Since a, ¢ areodd and p,g=#0, p,q areodd.
2
However ax’+bx+c=0 = a[EJ +b[£j+c:0 = ap’+bpg+cg’=0 (q=0)
q q
There is a contradiction since ap®, bpg, cg® are all odd so their sum is also odd,

and must not be equalto 0.

(@) P(X)=ax"+ax""+..+a, X+a,
P(p)-P(@) = a,(p" ~q")+a,(p"* ~0"*)+...+ 2, (p 1)
=(p- q)[ao(p”’1 +p" 2+ + q”’1)+ al(p”’2 +p" g+ + q”’2)+ +aH]
Since ap,a;,...,an, P, q areintegers, the second factor in the above expression is an integer.
The first factor (p—q) isanevenintegerif p,q are both even integers (or both odd integers).

P(p) —P(q) iseven.

(b) Suppose, on contrary, Xx=gq isanintegral rootof P(x)=0. Then P(q)=0.
(i) If g isodd, then P(1)-P(q) isevenby (a).
But P(1)-P(q) =P(1)-0=P(1), which is odd by given.
(i) If g iseven, then P(0)-P(q) isevenby (a).
But P(0)-P(q) =P(0)-0=P(1), which is odd by given.

In both cases, there is a contradiction.



If o istherootof the equation  ax’+bx+c=0,then ao’+ba+c=0 and ao’=-bo-c....(1)
Ao’ +Bo +C isrational < a(Aa’+Ba+C)=A(-ba-c)+Baa+Ca by (1)
= (-Ab + Ba) a —Ac + Ca s rational
< -Ab+Ba=0, since o isirrational and all other constants are rational .
< Ab=Ba N )
From (1), aa®=-ba?-co N )
Ao’ +Bo’ +Ca isrational < Aao’®+ Bao’ +Caa = A(-ba® - co) + Bao” +Caa. , by (2)
= (Ba—Ab) o’ + (Ca—Ac) a = (Ca—Ac)a is rational , by (3)

< Ca-Ac=0,since o isirrational and all other constants are rational .
< Ac=Ca
Let p(x)= a,x"+a,x""+..+a, ,Xx+a, . Then by Division Algorithm,
p(x) = (@x® + bx +¢) q(X) + mx +n, where m,n are rational constants.
Now, p(x) isrational < (ao®+ba +c)q(a)+mo+n isrational .

< ma+n isrational |, given that ac’+ba+c=0

< m=0, since o isirrational

< p(x) = (@’ + bx +c) q(x) + n, that is, the remainder is independent of x .

Let y=p(x)=x’—px+q then p’(x)=3x*—p, p”(X)=6x

Since  lim p(x) =+o0, lim p(x)=-ow, p(X)=0 has at least one real root .

For stationary points, p’(X)=0, 3x°-p=0 = x=1|— e (D

From (1),  There are two turning points if p>0.

. " p . . p 2p |p
Since +,=|>0 , isaminwhen x=+|-. min =4 —— =,
p 3 y 1/3 y q 3 ,/3

Since p" —\/g >0 , Y isamax when x:—\/% ymax=Q+2—§\/g

p(x)=0 has 3 real roots (or 1 double real rootand 1 real root) < Ynmin<0 and Ymx=0

& q—@\/ﬁso and q+§\/EZO & q—@\/E q+£ Pl<o
31\3 31\3 31\3 31\3

& 4p*2279°

y has only one real root S [Ymin>0 and Ynax>0] or [Ymin<O0 and Ymax <0]

o [q—z—g?\/gj[q+2—; %J>O o 4p*< 219,

(@) x*-2x+7=0, Since 4p°=4(2)°=32, 27q°=27(7)>=1323, ..4p><27d"
The equation has only one real root.



10.

11.

(b)

(©)

(b)

(@)

(b)

3 +4x-2=0, Since 4p®=4(-4/3)*=-256/27, 27¢*=27(-2/3)>=12, ..4p>°<27¢".
The equation has only one real root.

43 -Tx+3=0. Since 4p>=4(7/4)°=343/16, 27q%=27(3/4)*=243/16, ..4p>>27¢}.
The equation has 3 real roots .

X +PX*+Qx+R=0 e (D)
Put x=X+k ,where k isaconstant.
X+K)3P+PX+K?+Q(X+k) +R=0 N ()

In (2) , the coeff. of x*term is (3k +P).
By putting 3k+P=0 or k= —% , then the transformation x=X —2 can transform (1)

into (2) where x°-term disappears.

x* - 15x = 126 ) X=y+z ()
WIQ), (y+2)°-15(y+2)=126 < Yy +7°+3y’z+3yz’-15(y+2z) =126

o Y+22+@yz-15)(y+2)=126 & Y +72°+(Byz-15)x=126 .... (5)
If further we choose 3yz-15=0, or yz=5 ()]
(5) becomes : vy +72°=126 )
From (6), (y*)(Z®)=125 . (8)
From (7)and (8), y* and Z® are roots of a quadratic equation t*—-126t+125=0 .... (9)
If y* and Zz® arebothrealand vyo,zo are their real roots, possible values for y,z are vy,

Yo, ®%Yo and  zo, wZo, ®°Zp .

By (6) , the product yz must be real. Therefore the only combinations consistent with this give, as
the three roots of the cubic, by (4) : Yo +20, oYo+ 0Zo, ®%o+ ®Zp.

Similarly for theeq. x*—15x = 126 .

From(9), t=1 or 125. Take yo°=1, 2z°=125 wehave Yyo=1, 2z =5.

Thenthe solutionsare  1+5, ®+50°, o +50.

X¥+px+q=0 = a+B=—p ,of = q ... (1)

(©° = B)(B°- o) = a’® +ap - (a* + B*) = (aB)’ +ap - [(o + B)" - 4ap(a” + B?) — 6c’B’]

= (o)’ +ap - {(o + B)* - 4aBl(c + B)° - 2aB] - 6(cB)’} = ¢” + g —{(-p)* - 4al(-p)* - 20] - 64°} , by (1)

=q°+29° +q- (p* - 4p” q + 49°) = q(q + 1)* - (p° - 20)° e (2)

One of the roots of the equation X + px+qg=0 isequal to the cube of the other

o d=p o f=za o (@-PPE-0)=0 < q@+1)*-(p'-20°=0,by (2
< (PP-20)=q(q+1)

X+px+q=0 = oa+B=—p ,of = q ... (1)

(ta+B)+({B+o)=(1A+t)(a+PB)=(1+1t)(-p)=-pl+1)

(ta+B) (tB+ ) =t(a’ + B +ap + top=t[(a+P)* - 2ap] + af + ap = t[(-p)* - 2q] +q +t* g
=t q+t(p®-2q) +q

Hence the new equationis ~ x*+p(l +1t) x + 2 q + t(p° = 2q) + q =0

If p?-4q<0,p=0,then (1)hastwo complex conjugate roots o and f.

Since p,q arereal, and o and [ are complex conjugates,



12.

13.

(1) If t=1 andisreal, (ta+p), (tp+a) arecomplex numbers.
2 If t=1,(ta+pB), (tB+a) areequalto —p.

Since p=0,therefore (ta+B), (tB+ ) are different from zero.

(@) p° and q aretherootsof x?+bx+q=0 ... ()
p*+p’b+q=0 ... (@ , o*+bg+q=0 )
Case (1), If q=0,thenfrom(3), gq+b+1=0 = qg=-(b+1) ST ()]
@@, p'+p’b+-(b+1)=0 = (p"+b+1)(p*-1)=0
p’= —(b+1) or p’=1
p:iw/—ib+li or p=+1 .
Case (2), If q=0, then (2)becomes p*+p’h=0 = p?(p®+b)=0
p=0 or =*+-Db
(b) Theequation x*+bx+c=0 = a+f=-b ,ofp = ¢ ... (1)
1,1 ofpte2 (a+B) -20B+2  b*-2c+2
1+a? 1+p2 (Q+a?fi+p?) 1+(a+p)f -20B+(ap)f 1+b*-2c+c?
1 1 1
1+a”1+B* 1+b*-2c+c?
The new equation is (1+b2—20+cz)x2+(20—2—b2)x+1:0.
If b=1 and c=-1,thenthegivenequationis x*+x—1=0, with roots x:_lJ_;\/g
The new equation is 5x*—5x +1=0, with roots XZSJ_;(;/g .
Let %, a, or betherootsof x*+3x?+bx+c=0 o ()
1 2 1 3
Then of=+1+r|=-3 ... (2) , o’ =+1+r|=b T <) a’=—-C ... (4
r r
(3)/(2) oa=-2 (%) B4 C—b—z (6)
1] 3 ceen y y 27 sees

O(1),  x*+3x2 +bx +%

2

I
o

o by ., b b?
From (5) and division, x+§ X+ 3—§ x+? =0

X=—— or X = e (7
3 (7

9 3

2 2 2 2 2
In (7), A:(S—E) —%zg—zm%—“b _27=6b-b e (8)

From (5), Since o isanintegerand a=0, b mustbe anon-zero integer divisible by 3.... (9)

In (8), Since the roots are integers, A >0



14.

15.

=b?+6b-27=(b+9)(b-3)<0=-9<b<3 ... (10)
Theonly b satisfying (9) and (10) isthat b=-6 and A=9.
From (7), x=2,-1,-4.

X' +asx +axi+ax+ap=0 e ()

z isarootof (1), Z*+azzZ+az’+az+ay=0 )

1/z isarootof (1), (1/2)*+as(1/2)® + ax(1/2)* + ay(1/z) +ap =0

= at+al+at+az+l=0 = 2z +(ﬂjz3 +(a—z}zz +(a—3Jz+[i] =0 ... (3
a‘O a‘O a'O a‘O

Since z and 1/z areroots, (2) and (3) are identical.
By comparing coefficients of constant terms of (2) and (3), a, = i = ao2 =l=a,=%1
Case (1), When ay=1, a =a; (bycomparing coeffs of x>-terms)
Case (2), When ay=-1, a;=-az, a,=0 (by comparing coeffs of x>-terms and x*terms)

The necessary and sufficient conditionsare: [(ap=1, a;=a3) or (ap=-1, ay=-az, a,=0)]
Put p(x) = x*+ a3 X + aX? + a1X +
ForCase (2), p(Q)=1l+az+ay+ta;+a=0, p(-l)=l-az+ta—-a+a=0.

(x-1)(x+1) isafactorof p(x) by Factor Theorem.

Division of p(x) by (x-21)(x+1) givesaquadratic factor and the problem reduces to solving quadratic
equation.
For Case (1), equation (1) reducesto X*+a;x*+ax’+ax+1=0

a
=x’+a,x+a, +;1+X—12=0:>[x2 +X—12)+al(x+%j+a2 =0 e (4

Put y:x+l N )]
X

X2

2
Then x2+i—(x+£j —2=y*-2
X
(4) becomes Yy -2+ayy+a,=0 or Yy’ —2+ay+(a-2)=0 ... (6)
(6) isaquadratic and let y; and vy, betheroots. From (5), we have:
X*-yx+1=0 and X’ —y,x+1=0 e (D)

which are quadratic equationsin x and (7) gives the roots of (1).

X' — s+ X2 —seX +5,=0 e ()

Writing X as symmetric sum, then

Ya=9; e (@, Yaf=s; ... (3) , ZoaPy=ss3 ... (4) , aPyd=s4 N )]
Y(ofp+yd) =Zaf=5; e (6)
(B +y8)(ary +B3) = Za’By = (o) (ZaPy) —4aPyd =5y 53-45s ... (7)

(B +y3)(ory +B3)(ad +By) = Za’Byd +Za’B’y’ = (aPyd)Za’ + [(Sapy)’ - 2o’ BPyd]
= (apyd)[(Za)? - 2 Sap] +[(Zapy)® — 20ByS Tof] = S [12 — 255] + [S3° — 254 S3] = —(45; 54 =517 S4 =557)....(8)
From (6), (7), (8), the required cubic equation is



Y> =Soy? + (5153 — 4 Sa)y + (45584 =51° 4 — 53°) = 0 e (9)
Supposing that methods of solving cubic equation are known,

(9) is solved and let the roots be vy, y,andy;. Then:

af +y0=y; ... (10) , oy tfo =Yy, .o (1), ad +By = Vs e (12)
From (5), (ap)(yd)=Ss .... (13)

From (10)and (13), op and y& areroots of the quadratic equation : z°-y;z+s,=0 ... (14)
Suppose (14) is solved, let the roots be zi=of ,2=70 ... (15)

From(3), y8(a+P)+ap(y+8)=s;s & Z(a+P)+z(+8=s ... (16)

From (2), (a+B)+(y+3)=5 .o (A7

(17) and (18) are simultaneous equation with unknowns (a. + ), (y + 9) .

Let the equations be solvedand ki =a+p, ko=y+3 .. (18)

(15) , (16) form two quadratic equations for which «, 8,7y, 3 can be found.

Note that if (11) or (12) is used instead of (10) , the solution is the same due to the arbitrary use of the

notation o, B,vy, 6 for the four roots of (1).

16. (a) Weuseinductionon k that x*+x® canbeexpressed asapolynomial pg(z) inz=x+x".
The proposition is obviously true for k=1 where py(z) =z
For k=2, x*+x?=(x+x%)?-1=7z2-2 and the proposition is true for k= 2.
Assume the proposition is true for k<n where neNN.
For k=n+1, x™+x™D=(x"+x™")(x+x1)=[x"D+x"]
= pn(2) p1(2) = pn1(2) , by inductive hypothesis.
Putting Pn+1(2) = pn(2) p1(2) — pn-1(2) , then the proposition is also true for k=n+ 1.

By the Principle of Mathematical Induction, the proposition is true Vke N .

(b) x®+ax®+bx*+cox®+bx*+ax+1=0 e (D)
oG+ x¥) +al +xA) +b(x+x) +c=0 e (2
Putting z=x+x",then (1) becomes (z*-3z)+a+bz+c=0.
or Z’za+(b-3)z+(c-2a)=0 ...

If o isa rootof the polynomial equation (1), then o +a™ isarootof (2).

(€ x*+4x°+5x2+4x+1=0 < (C+x)+4(x+x)+5=0 N ()
Putting z=x+x",then (4) becomes (z*-2)+4z+5=0

or 7’+4z+3=0 < (z+3)(z+1)=0

z=x+xt=-3 or z=x+xt=-1
X>+3x+1=0 or X*+Xx+1=0

—34+ 1+ 1
X = 3_\/5 or X = l_ﬁ'

2 2



17.

XC+3gx+r=0 (r=0)... (1)
at+tB+y=0 ... (2 of + By +yo =3q U )] afy=-r e (@

Put

Then

(@)

(b)

p(x)=r?(x? + x +1J +27¢°x?(x +1)?

p(ﬁjzrz[“—j+ﬁ+1J +27q3%2[3+1) =r2(°‘2+—§”1J +27q3“—§w
B B° B B° \B B B* B
o B g @ z((—3qa+r)+(—3qﬁ+r)j3 o7 LT
r{Bz(a—B)J P e = B(o~p) L
:rz(__?;qjs +27¢° (QBZ)Z :_27q:r2 +27q3—(_ 2)2 =0
§ B
% satisfies p(x):rz(xz+x+1)3+27q3x2(x+1)2 =0 ... (5)
When q=0, (1) becomes x}+r=0 ... (6)

The roots of (6) are =1, VY-ro, ¥-ro? ,where oisthe complex cube roots of unity.
Take o be any one of these three rootsand [ be any other root not equal to o .

Then a=op o a=op e (M
When q=0, (5) becomes x*+x+1=0 (r=0) andtherootsare o, .

p
It can be seenthat (7) and (8) are the same.
If 40°+r2=0 ,then r’=-4¢° e (9)
94 (5), p(x):—4q3(x2+x+1)3+27q3x2(x+1)2 =0 ... (10
If g=0,then by (9), r=0,contradictingto r=0.
q=0 and (10) becomes —4(x2 +X +1)3 +27x*(x +1)* =0

o X HIC -3 -26K° -3¢ +12x+4=0 < (x-1)*(x+2)?(2x+1)*=0

Since < satisfies (10), L =1 or 2 or —l.
B B 2
G If %:1, then o=p.
(i) If %:-2, then o=-28. From(l), -2p+B+y=0, PB=y.

(i) If %=—%,then B=-2a.From (1), a-2a+y=0, oa=y.

In any one of the above cases, there is a double root for  (1).
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(@
(b)

AM.-GM. : Let x(i=12,....,n) be n distinct positive numbers, then

X
n

f(x)=x"+a,x" +a,x"? +..+a,,x+a, =0 has n distinct positive roots o; (i=1,2, ....,

Then Yo, =-a, ... (1), >o,0, =2, VR )

Yoo, =(-1)""a,, ... (n-1) , o000, =(-1)a, .... (n)

Writing ~ a, (—1)i(?jbii ,then an=(—1)”(njbn”=(—l)”bn” e ()

n
n-1 n n-1 n-1 n-1 ..
a,, = (_1) bn—l = (_1) nbn—l (“)
n-1
From (i) and (n), b," =a 0.0, 0, SN (11))
From (ii) and (n-1), b, " '=Ya,a,.0,, N (1Y)
1 1
N U W
From (iii), b, =(o,0,..00, 0, )" = l:(HOLlOLZ...OLnl)n—l:| = {(Halaz...anl)n} '
. 1
< {M}“ < [bnflnfl l=b e (V)
n
f'(x)=nx""+(n-)x"? +..+2a, ,X+a,, = n{xnl + (n—_l)x”’2 +...+Ean72x +1anl}
n n n

Consider f'(x) =0.

>TIX. .

Since f(x)=0 has n distinct positive real roots and between any two roots of f(x) = 0, there is at

least one real root of f'(x) =0, where degf(x)=n-1.

f'(x)=0 has (n-1)distinct positive real roots, each lying between two roots of  f(x)=0.

Let P, B2, ..., 1 bethe (n— 1) distinct positive real roots of f'(x) =0

T [ B e B R

n n-2 n 2 "
(vi)
_ n-1 an—l _ n-1 1 [ n-1 n—l]_ n-1 -
BB Boy = (1) = = (1) {1 b, " = b, e (vi)
b, = (BlBZ"'Bn—l)n& = |:(HB1B2"'Bn2)n2:| = [(HB1B2“'Bn2 )”1j|
1 1
r _ n-2 (h-2
< {—Z Blﬁz'"ﬁnz} 2 :{—(” b, } ~b,., e (i)
n-1 n-1
Similarly, by considering  '(x), f"(x), ..., f"2(x), we get correspondingly,
bn—2 > bn—31 bn—3 > bn—4 Y ey b2 > bl,

Combining all these inequalities, we have b, >b, >..>b, , >b, .
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